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Abstract
The vanishing of the anomaly in the recent example of Nappi and Witten, constructed
from the Wess-Zumino-Witten model based on a certain non-semisimple group, follows
from a more general result valid for gravitational waves. The construction of the metric is
explained.
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Recently, Nappi and Witten [1] presented a new example of anomaly-free string propa-
gation on four-dimensional space-time with Lorentz signature. Their example, constructed
from an ungauged WZW (Wess-Zumino-Witten) model based on a certain non-semisimple
group of the type considered before by Cangemi and Jackiw [2], has space-time metric and
antisymmetric field
d~x2 − 2du
[
dv + 1
2
ǫijx
jdxi
]
+ b du2 and bij = u ǫij , (1)
(i = 1, 2) respectively. Now the metric (1) is a particular case of Brinkmann’s gravitational
pp wave with a covariantly constant null vector [3],
gij(~x, u)dx
idxj − 2du
[
dv + Ai(~x, u)dx
i
]
+K(~x, u)du2. (2)
String propagation in a gravitational wave background has been widely studied [4].
In Ref. [5] — motivated precisely by the WZW model — it is shown, in particular, that
for D = 26 and for the choice gij = gij(u), Ai =
1
2
Aij(u)x
j , biu =
1
2
Bij(u)x
j, the anomaly
vanishes at all loop orders provided the 1-loop condition
△K =
1
2
(
AijA
ij −BijB
ij
)
(3)
is satisfied. Then the vanishing of the anomaly in the Nappi-Witten case readily follows
since the metric (1) corresponds to gij = δij , Aij = ǫij and K = b, and the Nappi-Witten
antisymmetric field is brought by the gauge transformation bµν → bµν + 2∂[µλν] with
λi =
1
2u ǫijx
j to the form (2) with Bij = −ǫij = −Aij . Eq. (3) is identically satisfied.
The result can also be derived from those in Ref. [4]. A rotation with angle u/2 in
the plane carries in fact the metric (1) into
d~x2 − 2dudv +Kdu2, K = b− ~x2/4, (4)
for which the vanishing of the anomaly at all loop orders has been shown in Ref. [4] under
the sole condition △K + 12BijB
ij = 0, which is clearly the same as our (3). Absorbing
the constant b into the ‘vertical’ coordinate as v → v− b(u/2) yields furthermore an exact
plane wave, d~x2−2dudv−(1/4)~x2du2, for which the vanishing of anomaly has been proved
also non-perturbatively [4].
The symmetries of an exact plane wave are easy to describe. For example, the three
commuting symmetries noticed by Nappi and Witten can be made manifest by applying
the coordinate transformation u = u˜, ~x = sin(u/2) ~˜x, v = v˜ + (1/8) sinu ~˜x
2
, which brings
the exact plane wave metric into the form sin2(u˜/2) d~˜x
2
− 2du˜dv˜, for which the three
translations ~˜x→ ~˜x+~ξ, v˜ → v˜+ν are obvious isometries [6]. Let us mention that the exact
plane wave — and hence the Nappi-Witten metric (1) — is conformal to Minkowski space
d ~X2−2dUdV with conformal factor Ω2(u) = cos−2(u/2), namely through ~X = ~x/ cos(u/2),
U = 2 tan(u/2), V = v + (1/4)~x2 tan(u/2).
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We now explain the arisal of the plane-wave metric on the group. The group of
isometries of the Euclidian plane, ISO(2) = SO(2) s©R2, is also a group of canonical trans-
formations for the symplectic structure dx ∧ dy. But the R-bundle H(1) over the plane,
endowed with the 1-form ω = 12 (xdy − ydx) + dv is identified with the Heisenberg group.
The ω-preserving transformations of H(1) that cover ISO(2) form the ‘diamond’ — or
oscillator — group G = SO(2) s©H(1), generated by rotations, J = y∂x − x∂y − ∂u, trans-
lations, Px = ∂x −
1
2y∂v and Py = ∂y +
1
2x∂v, and by the central generator T = ∂v. Thus
G centrally extends ISO(2) and is seen to be precisely the group of Nappi and Witten.
Although non semi-simple, G admits a natural bi-invariant Lorentz metric. Indeed,
the components of the left-invariant Maurer-Cartan form of G are θ = −du (rotation),
α+ iβ = e−iu(dx+ idy) (translations) and ω (extension) as given above. The combination
α2 + β2 + 2θω+ bθ2 is a right-invariant metric for any constant b, and it yields the metric
of Eq. (1). Moreover, the null vector T = ∂v is covariantly constant.
Note that the Cangemi-Jackiw group [2] arises in the same manner starting with the
Poincare´ group ISO(1, 1).
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